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Abstract

Anew fuzzy image filter controlled by interval-valued fuzzy sets (IVFS) is proposed for removing noise from images. The proposed
approach is based on IVFS entropy application. IVFS makes it possible to take into account the total uncertainty inherent to image
processing, and particularly noise removal is considered. Interval-valued fuzzy sets entropy is used as a tool to perform histogram
analysis in order to find all major homogeneous regions at the first stage. Then, an efficient peak-finding algorithm is employed to
identify the most significant peaks of the histogram (1) and a noise filtering process (2) that estimates the original value of each noisy
pixel (utilizing the global information from (1) and the local information of the image pixels) is proposed. Experimental results have
demonstrated that the proposed filter can outperform some well-known classical and fuzzy filters in preserving image details while
suppressing impulse noise and reducing Gaussian noise. The main advantage of the proposed technique is to restrict the number of
thresholds or parameters which have to be tuned.
© 2009 Elsevier B.V. All rights reserved.
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1. Introduction

Digital images are often corrupted by impulse noise during image acquisition (non-ideal sensors), image transmission
and image processing. For example, the impulse noise introduced into the images alters the image perceptual quality
strongly. Therefore, it is crucial to remove the impulse noise from the image before any processing such as edge
detection, segmentation, image retrieval or compression.
Numerous methods have been proposed to remove impulse noise from digital images; the median filter (MF, and

other median-based filters [1]), for example, is the best-known nonlinear filter to suppress this kind of noise. However,
this type of filter causes smoothing, affecting the texture and blurring fine image details (sharp corners and thin lines
are often lost after filtering).
Arakawa et al. [2] proposed amedian-type filter controlled by fuzzy inference rules. This filter needs a training phase,

and the characteristics of the noise added to the images to be processed should be close to the training image. So Lin
et al. [3] proposed a histogram-based approach able to derive a set of membership functions from the histogram of the
processed image without a priori knowledge. It is commonly admitted [3] that these variations of median filters cannot
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perform well when the noise ratio is higher than 0.2, due to a lack of adaptability. So, adaptive systems based on fuzzy
sets (FS) theory (see [1] for a survey) have been proposed. The simulation results showed that these filters successfully
achieve better filtering than traditional MF when noise rate is higher than 0.3. Recently, Schulte et al. [4] proposed a
two-step filter (FIDRM), which uses a fuzzy detection and an iterative filtering algorithm. This filter gives interesting
results and reduces all kinds of impulse noise. However, the drawbacks of these structures lie in the relatively large
number of filter parameters and the computational implementation complexity. To remedy the drawbacks mentioned
above, Lin [5] proposed a filter based on the Dempster–Shafer evidence theory. This method provides a way to deal
with the uncertainty even in evidence of pixels corruption, but at a substantial computational cost.
So, in this paper, we propose a novel histogram-based fuzzy filter (techniques based on image thresholding are

typically simple and computationally efficient), based on interval-valued fuzzy sets (to deal with the uncertainty
brought by noise).
Ordinary fuzzy sets are currently used in image processing and particularly for gray scale segmentation [6–8].

Recently, fuzzy methods for color image segmentation have been proposed [9,10], defining a region as a fuzzy subset
of pixels, where each pixel in the image has a membership degree to each region. These techniques are based on fuzzy
logic with ordinary fuzzy sets. Other approaches have been presented to perform color clustering in a color space
[11,12], based on ordinary fuzzy sets and a homogeneity measure (homogeneity of the paths connecting the pixels
[13], or fuzzy homogeneity based on fuzzy entropy [11]). These techniques consider that the spatial ambiguity among
pixels has inherent vagueness rather than randomness. However, there remain some sources of uncertainty in ordinary
(or precise) fuzzy sets (see [14]): in the fuzzy set design (e.g. in symbolic description), in the fact that measurements
may be noisy or that the data used to calibrate the parameters of ordinary fuzzy sets may also be noisy. So, since fuzzy
sets were introduced by Zadeh [15], many new approaches treating imprecision and uncertainty (which are naturally
present in image processing [16]) were proposed (see [17] for a rapid discussion about some of these theories). Among
these, is a well-known generalization of an ordinary fuzzy set, the interval-valued fuzzy set, first introduced by Zadeh
[18]. An interval-valued fuzzy set (IVFS) is defined by an interval-valued membership function; each element of an
IVFS (related to an universe of discourse X ) is associated with not just a membership degree but also the length of its
membership interval. The interval length can be used to take into account the dispersion of the occurrences of each gray
level of an image due to noise. Later we show that IVFS is an interesting tool for image filtering. An interval-valued
fuzzy set is also a special case of type 2 fuzzy set (also introduced by Zadeh [18]). Mendel and John [14] proved that
one particular case of a type 2 fuzzy set is an interval type 2 fuzzy set, which is equivalent to an IVFS. So, the results
of this paper are valid for IVFS as well as interval type 2 fuzzy sets. Yet, techniques based on interval-valued fuzzy
sets are not widely used in image processing or image analysis. Since Sambuc used this theory to support medical
diagnosis [19], some applications of interval-valued fuzzy sets have been presented in literature and used in a number of
different fields: approximate reasoning [20,21], interval-valued logic [22], normal forms [23]. Rhee and Hwang studied
uncertainty associated with the parameters used in fuzzy clustering algorithms and showed that IVFS approach ensures
that the cluster prototypes converge to a more suitable location than an ordinary fuzzy approach [24,25]. Tizhoosh [26]
applied interval-valued fuzzy sets to gray scale image thresholding. He obtained good results with very noisy images.
Bustince et al. [27] presented some meaningful results in edge detection.
In this paper we focus on gray-scale images and use IVFS for image filtering. The paper is organized as follows:

Section 2 briefly describes the interval-valued fuzzy sets; Section 3 introduces image filtering using interval-valued
fuzzy sets; Section 4 presents some results. Conclusion and potential future work are considered in Section 5.

2. Interval-valued fuzzy sets

2.1. Definition

Ordinary fuzzy sets used in image processing are often fuzzy numbers. However, it is not possible to say which
membership function is the best one. The major motivation of this work is to remove the uncertainty of membership
values by using interval-valued fuzzy sets. For example, ordinary fuzzy sets may be useful to model patients-related
errors in telemedicine (where visual acuity of vision is tested by fuzzy logic with an application in ophthalmology
[28]). The aim of that work would be to eliminate different errors (voluntary or not) that can be attributed to patients
during tests. The uncertain value (answer of the patient) allows the modelling of the visual acuity (from 0 to 10), but
it is not possible to take into account the bounds of the intervals of modelling. For example, the value of 10 assigned
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to patients by an ophthalmologist may correspond to a different visual acuity value given by another physician. One
possible approach consists in computing an average value of the bounds observed for several patients.
Another possible approach consists in using the average values and the standard deviation for the two end points of the

membership function (representing the ordinary fuzzy set), and leads to a continuum of fuzzy numbers (corresponding
to an uncertainty interval), that is to say an interval-valued fuzzy set.
Let X be the universe of discourse. An ordinary fuzzy set A of a set X is classically defined by its membership

function �A(x) (with x ∈ X ) written as

�A : X → [0, 1], (1)

where the membership function denotes the degree in which an event x may be a member of A. A point x for which
�A(x) = 0.5 is said to be a crossover point of the fuzzy set A.
Let S([0, 1]) denote the set of all closed subintervals of the interval [0, 1]. An interval-valued fuzzy set A in a

non-empty and crisp universe of discourse X is a set such that [18,27]

A = {(x, A(x) = [�L (x), �U (x)]) | x ∈ X}. (2)

We denote by �A(x) the amplitude of the considered interval (�A(x) = �U (x) − �L (x)) where �L (.) and �U (.) are,
respectively, the lower and upper membership functions.
The membership function of an IVFS is defined as follows:

A : X −→ S([0, 1]). (3)

2.2. Uncertainty representation

The uncertainty of membership function of a precise FS is modelled using the length of the interval �A(x) in an
IVFS A (the longer �A(x) the more uncertainty), so choice of functions �U (x) and �L (x) is crucial. Tizhoosh [26]
applied IVFS to gray scale image thresholding. He used interval-valued fuzzy sets with the following functions �U (x)
and �L (x):

• upper limit: �U (x) : �U (x) = [�(x; g, �)]1/� (with � = 2),
• lower limit: �L (x) : �L (x) = [�(x; g, �)]�
where �(x; g, �) is a Gaussian (FS) fuzzy number (�(x; g, �) is represented in Fig. 1) centered on g and which support
is set using a free constant parameter � (x ∈ [0,G − 1]):

�(x; g, �) = exp

[
−1

2

(
x − g

�

)2
]

. (4)

The study he carried out on these functions showed that they are well adapted in image processing. So, in the sequel,
we shall use the same functions in image filtering.
Fig. 1 presents a (Gaussian) membership function of an IVFS.
For each element x ∈ X of the IVFS, the imprecision of the FS is defined by closed intervals delimited by the upper

membership function �U (x) and the lower membership function �L (x) (dashed lines in Fig. 1). These membership
functions �L (x) and �U (x) of A are two FS membership functions, which fulfill the following condition:

0��L (x)��U (x)�1. (5)

2.3. Interval-valued fuzzy sets entropy

The process of selecting the necessary information for image processing must lead here to the correct estimate of
the image regions. The present work demonstrates an application of fuzzy set theory to evaluate these regions, with the
highest accuracy possible. The terms fuzziness degree [29] and entropy [30] provide the measurement of fuzziness in
a set and are used to define the uncertainty degree of the process. In the following, we recall these two main fuzziness
degree formulas presented in the literature for FS, and used in image processing. Nevertheless, the total amount of
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Fig. 1. Interval-valued fuzzy set.

uncertainty is difficult to calculate in that case (FS), and particularly when images are corrupted with noise, so we
introduce the IVFS imprecision degree (ultrafuzziness degree). This new index makes it possible to define a relevant
index for the process which can be used as a criterion to automatically find fuzzy region width and thresholds for
segmentation of noisy images.
For an ordinary fuzzy set A of a set X , the uncertainty due to the variable is represented by the ‘�-cut’. Let X be a

classical set and A ⊆ X an ordinary fuzzy set characterized by its membership function �A(x). Considering a threshold
� ∈ [0, 1], the membership function can be defined as ��

A (classical set A� or �-cut of the fuzzy set A):

��
A : X → {0, 1},

∀x ∈ X, ��
A(x) =

{
1 if x��,

0 otherwise.

The term entropy of an ordinary fuzzy set A on a finite universal set X such as X = {x1, . . . , xi , . . . , xq} was first
introduced by De Luca and Termini [30] as

H (A) =
q∑

i=1

Sq .�A(xi )

q. ln 2
, (6)

where Sq .�A(xi ) = −�A(xi ). ln(�A(xi ))− (1−�A(xi )). ln(1−�A(xi )) with ln standing for natural logarithm. De Luca
and Termini also formulated the axiomatic requirements an entropy measure should comply with.
Yager [31] and Kaufmann [29] proposed other possible measures of the entropy, motivated by the classical Shannon

entropy function and using distance measure, which we do not present here (Fan and Ma [32] proposed a complete
analysis of fuzzy entropy formulas). The main result is that degree of fuzziness of a fuzzy set A reflects the degree of
ambiguity by measuring the distance between A and its nearest ordinary set A0.5. It is defined as (see [31])

H (A) = 2 · d(A, A0.5)

q1/p
, (7)
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where d(A, A0.5) denotes the distance (of type p) between A and its nearest ordinary set A0.5. A positive scalar p is
introduced to make H (A) between zero and one. Its value depends on the type of the distance d(., .). For example,
p = 1 represents a generalized Hamming distance (linear index of fuzziness �(A)), whereas p = 2 represents an
Euclidean distance (quadratic index of fuzziness).
If digital images are considered as fuzzy subsets, where A0.5 represents the nearest two-tone version of A, we can

use the extension of the definition of the linear index of fuzziness proposed by Pal [33]. This measure of ambiguity
(fuzziness) in gray level of an image is well adapted to our problem, and we use its in the present work. For an M × N
image subset A ⊆ X with G gray levels g ∈ [0,G − 1], the histogram h(g) and the membership function �A(g), the
(linear) index of fuzziness can now be defined as follows:

�(A) = 2

M.N

G−1∑
g=0

[h(g).min(�A(g), 1− �A(g))]. (8)

There have been numerous applications of fuzzy entropies in gray scale image segmentation [7,26,28]. But the impre-
cision degree of an IVFS has not yet been extensively studied in the literature. However, some authors [34,35] showed
that there are connections between Atanassov’s intuitionist fuzzy sets [36] and interval-valued fuzzy sets, that can be
used to define measure of entropy of an IVFS. Particularly, Burillo [37] presented an interesting study relative to the
entropy of an IVFS A in X . The defined entropy measures how interval-valued a set is with respect to another fuzzy
set. The entropy definition requires the following conditions:

• entropy is null when the set is an FS,
• entropy is maximum if the set is totally undetermined,
• entropy of an IVFS is equal to its respective complement,
• if the degree of membership and the degree of non-membership of each element increase, this set becomes fuzzier
and therefore the entropy should decrease.

So, it is clear from the first condition that the defined entropy measures an amount of information that is distinct from
the fuzziness degree, but complements it by incorporating the degree of imprecision of the considered fuzzy set. Among
all the possible fuzzy entropies characterized by Burillo, we can choose the following measure:

Ind(A) =
q∑

i=1
�A(xi ). (9)

This measure is the same Sambuc gives for the indetermination degree for IVFS (he named �-fuzzy set [19]). In the
case of an IVFS, the indetermination degree Ind(A) has the following expression:

Ind(A) =
q∑

i=1
�A(xi ) =

q∑
i=1

[�U (xi )− �L (xi )]. (10)

Thus, the entropy of IVFS identifies the indetermination degree (Tizhoosh named it ultrafuzziness of an IVFS), and
clarifies notions and definitions. An interval-valued fuzzy set may represent the uncertainties in the membership
function of an FS. So, if in an FS, the input data contain noise, transferring this uncertainty to membership function
uncertainty, and rebuilding an imprecise FS (or IVFS) can be accomplished [38]. Also, Zeng and Li [39] recently
investigated the relationship between similarity and entropy measures, while Vlachos and Sergiadis [40] presented a
unified framework for subsethood, entropy and cardinality for IVFS, which could be investigated for future applications
in image processing.
For an M × N image subset A ⊆ X with G gray levels g ∈ [0,G − 1], Tizhoosh [26], intuitively proved that it is

very easy to extend the previous concepts of FS (proposed by Pal [33]) for IVFS, and to define the (linear) index of
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ultrafuzziness as follows:

�(x)= 1

M.N

G−1∑
g=0

[h(x).(�U (x)− �L (x))]

= 1

M.N

G−1∑
g=0

[h(x).([�(x; g, �)]1/� − [�(x; g, �)]�)]

= 1

M.N

G−1∑
g=0

[	g(x)]. (11)

The previously defined IVFS (Fig. 1) is shifted over the interval [0,G − 1] of the histogram of the image by varying
g but keeping � fixed. When � is fixed, the whole function 	g(x) can be determined uniquely given g. Once functions
	g(x) are calculated for every g, it is possible to obtain the linear index of ultrafuzziness �(x). This basic definition
is in accordance with Burillo’s work and verifies the four conditions proposed by Kaufmann [29] for the measure of
fuzzy set uncertainty. Among the numerous frameworks of uncertainty modelling, this last equation seems to be an
interesting tool for image processing. We now present the application of interval-valued fuzzy sets to image filtering.

3. The design of the interval-valued fuzzy set filter

In this paper, we consider the gray-level uniformity as a relevant criterion to partition an image into significant
regions. We propose a new fuzzy entropy approach to simultaneously take into account both the spatial and global
properties of pixels.

3.1. Proposed scheme

The filtering scheme is divided into three steps. In step one, we perform a histogram analysis using the IVFS
ultrafuzziness index up to obtaining the image homogram, in the same way as proposed by Cheng [11] using FS.
In step two, the homogram is used as a tool to find all major homogeneous regions while filtering noise. Step three
considers the image restoration. The last two steps are not considered in Cheng’s method. Indeed, the processed image
is analyzed using interval-valued fuzzy sets (both the occurrence of gray levels and the region homogeneity value are
considered) then ultrafuzziness index is computed. So spatial (regions) and global information are employed in the
algorithm.

3.2. Homogram thresholding approach

3.2.1. Homogram definition
Histogram-based thresholding (mode method) is one of the most widely used techniques for image segmentation,

it assumes that homogeneous areas (or regions) in the image manifest themselves as clusters. The histogram of an
image can be separated into a number of peaks (modes), each corresponding to a region. Threshold exists at the trough
between any two adjacent peaks. The advantage of such method is that it does not need any a priori information about
the image. Histogram-based methods consider only gray levels and do not take into account the spatial correlation of
the same or similar valued elements (pixels).
To overcome this drawback, Cheng et al. [7,11] used the fuzzy homogeneity approach in which the concept of

homogram was introduced. According to Cheng’s method, the homogram of an image is constructed by considering
the absolute difference between the pixel intensity values and the neighborhood pixels, named the degree of homo-
geneity hom(x) (this procedure takes into account the spatial correlation, that is to say local correlation of a pixel with
neighboring pixels in the image). Since a noise-corrupted image I inherently contains a high level of ambiguity, it
can be considered as an array of fuzzy variables, fuzzy homogeneity vectors, obtained from hom(x), and leads to the
homogram denoting the degree of homogenity of the gray level g. Then, Cheng used homogram information to obtain
the width of the image fuzzy regions and proceed to segmentation. He proved that this approach is more efficient in
finding homogeneous regions.
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We propose another point of view in this paper. Using IVFS, we consider the uncertainty (and particularly noise) of
the occurrence probabilities of the gray levels g (of the image I (n,m)) using intervals (defined in functions 	g(x)), so
we take into account the ambiguity of the boundaries of the histogram modes. The core idea of the paper is that we can
take into account the spatial correlation of gray levels in one region using the confidence intervals of IVFS. Under this
assumption, the multi-thresholding process becomes reliable despite the lack of information about noise in the image.
Let O(n,m) and 
(n,m) denote, respectively, the luminance values of the original (non-corrupted) image and the

noisy image at position (n,m). Let z be the probability that a pixel is corrupted, and let I be the corrupted image, then
we have

I (n,m) =
{
O(n,m) with probability 1− z,


(n,m) with probability z,
(12)

where impulse noise is uniformly distributed over the range [0, 255] and has been considered in 8-bit gray-scale images.
Let hI (g) be the expanded uncertainty of hO (g) due to the noise 
(g) and where hO (g) is the histogram of the original
(noise-free) image. In the case of additive noise, the variable value hI (g) is provided in the form hI (g) = hO (g)±h
(g).
So, it is possible to suppose that a range of probability density functions (pdfs) is equally reliable for the input variable
h
(g) (
(n,m) is an identically distributed, independent randomprocesswith an arbitrary underlying probability density
function), then an IVFS can be obtained. Starting from the concept of interval of confidence of an IVFS [41], for each
gray level g (represented by x ′ in Fig. 1) we can allocate a range of confidence levels [�L (x

′), �U (x ′)] that allow us to
embed both random variable (noise, using the interval length of an IVFS) and incomplete knowledge (connected with
cardinality of FS), then delivering a good estimate of the original histogram. Among the many possible homogeneity
criteria, the homogeneity predicate we use to define homogeneity of a region Rk (with k ∈ {1, . . . , K }, where K is the
number of region in the image) is that Rk is represented by one mode of the histogram (a peak in the histogram). So:

• the variance var(Rk) (var(Rk) = �(Rk)2) of the gray levels of themode associated to the points of the region Rk is less
than a fixed threshold based on the regional standard deviation. This condition is automatically obtained considering
impulse noise,
• the proportion of points for which the gray level is outside the confidence interval [mean(Rk)− �(Rk),mean(Rk)+

�(Rk)], where mean(Rk) is the mean value of the gray levels of the region Rk , does not exceed a fixed threshold.
Note that the mean mean(Rk) is detected by the maximum of the ultrafuzziness index �.

The two thresholds of the previous items are fixed according to the value of � (coefficient of �U and �L discussed later
in the paper). This predicate is calculated for each gray level g using the IVFS of Fig. 1. mean(Rk) is the modal point
and the lower and upper bounds of the confidence intervals are given by the function �(x) previously defined in Eq.
(11). The larger the �(x) is, the larger the homogeneity degree of the region.

The proposed multi-level thresholding method generates 255 fuzzy partitions X j of the image histogram when
shifting the membership function (IVFS) along the gray-level range. To each gray level g of the histogram corresponds
a partition X j , defined using the function 	g(x), which makes it possible to consider the partition fuzziness and to take
into account confidence intervals for the boundary determination of the partition modes (one can qualify this method
as a semi-global one). Then, the ultrafuzziness index � is obtained for the whole image when summing the 255 fuzzy
partitions. So, we argue that the ultrafuzziness index � represents the homogeneity distribution across intensities of
the considered image, so we keep the name homogram for the result we obtain.
Once the ultrafuzziness index � is calculated, a peak detection algorithm makes it possible to detect the mean

mean(Rk) of regions Rk and to allocate pixels to regions corresponding to the modes defined by this index. Fig. 2
presents the block diagram of the process. In order to explain how IVFS is used in our scheme, a classic synthetic
image named ‘Savoyse’ (see Fig. 3), composed of five areas on an uniform background, with an additive impulse noise
(with a ratio of 0.3), is first tested. We present in Fig. 3 the original image (see Fig. 3(a)) and the noisy image (see
Fig. 3(b)). The difficulty is to ensure that the inner disk is preserved by the process. We present in Fig. 4 the histogram
of the original and noisy images (see Fig. 4(a)) and the 	g=72(x) function, in dotted points, obtained from h(x).�L (x)
and h(x).�U (x), corresponding to the fuzzy partition X72 using the value g = 72 for example (see Fig. 4(b)), that
makes it possible to estimate the modes of the original image from the noisy image. In order to verify the previous
assumptions, we have compared ordinary fuzzy set entropy approach (using Eq. (8)) to its counterpart interval-valued
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Fig. 2. Block diagram of the IVFS filter.



104 A. Bigand, O. Colot / Fuzzy Sets and Systems 161 (2010) 96–117

Fig. 3. Original image ‘Savoyse’ and the noisy image ‘Savoyse’ (impulse noise with a ratio of 0.3).
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fuzzy sets. In particular, we notice that the peak values of the entropy using interval-valued fuzzy sets (dashed-line
in Fig. 6(b)) are more important than their counterparts using ordinary fuzzy sets (dotted line in Fig. 6(b)), so these
regions will be easier to extract in a noisy image, thus the advantage of this approach is proven qualitatively (more
uncertainty is taken into account using interval-valued fuzzy sets, as is previously suggested). This is well illustrated
by the results obtained with the synthetic image. In Fig. 5, we present the filtered image using IVFS (Fig. 5(a)), and the
filtered image using FS (Fig. 5(b)). It is clear that interval-valued fuzzy sets lead to better results. Interval-valued fuzzy
sets are able to model imprecision and uncertainty that ordinary fuzzy sets cannot handle efficiently. Transition regions
are more acute and homogeneous regions are better segmented, as we can see with the inside disk which is preserved
in Fig. 5(a) (IVFS) while ordinary fuzzy sets do not preserve this disk as seen in Fig. 5(b). Now, let us consider the
different parameters involved in the characterization of an IVFS. These parameters are the support (defined by �) and
the exponent �. Tizhoosh has applied IVFS to image thresholding, where IVFS was defined with � = 2. In our case,
from a large quantity of tests, we have observed that filtering effects were better for � > 2. Intuitively, it is easy to
understand that the slope of the membership functions of IVFS (specified by �) is steeper so that impulse noise can be
filtered out by the MF. In this application, the value of � was kept constant to � = 3, but values from 2 to 5 yield good
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Fig. 5. Filtered image ‘Savoyse’: (a) using IVFS; (b) using FS.

results as well. The value of the support is no longer crucial. Cheng proposed to consider the difference between the
gray level corresponding to the leftmost peak of the homogram and the gray level corresponding to the rightmost peak
as the support. We conducted a large quantity of tests (for support values lying between 20 and 120), and decided to
keep the support value at 50 for the results we present hereafter. Finally, we present the comparative results we obtain
for fuzziness (FS) and ultrafuzziness (IVFS). In the first case (see Fig. 6(a)), the support of the fuzzy sets is equal
to 20 and in the second case (see Fig. 6(b)), the support is 50. From these figures, it is clear that the choice of the
support is more crucial for FS than for IVFS (in Fig. 6(a), the first two modes of the histogram have disappeared when
using FS).

3.2.2. Homogram thresholding
The membership function of the interval-valued fuzzy set is shifted over the gray-level range and the amount of

ultrafuzziness (index of ultrafuzziness � of the regions that takes noise into account) is calculated using Eq. (11), so
we are able to transform an image into fuzzy domains with maximum ultrafuzzy entropy. The proposed image filtering
method could be described as a system in which the inputs are an image and the entropy threshold value. The output
of the system is the filtered image (the threshold values are applied to keep pixels belonging to homogeneous regions).
Like histogram, the ultrafuzziness index for all the intensities gives the global distribution of uniform regions in the
image. Every peak of the homogram represents the mean mean(Rk) of a uniform region whose boundaries (valleys of
the homogram) are obtained from the confidence intervals of IVFS (so considering noise in the intensity of gray levels).
Selection of correct peaks and thresholds (valleys) are very important to achieve good filtering results, so we used the
efficient peak detection method presented by Cheng [42] for FS homogram analysis (included in the proposed image
filtering algorithm, see Algorithm 1). After having selected the significant peaks, the valleys are obtained by finding
the minimum values between two peaks. Once each mode (region Rk) is detected, pixels whose gray levels belong
to these modes are kept as good pixels while the other pixels are classified as noisy. So the method operates like an
unsupervised classification method that affects noise-free pixels to K clusters (modes of the image) and noisy pixels
to a cluster ‘noisy pixels’.

3.3. Noise filtering

Let us denote I (n,m) the gray-level value of the pixel (n,m) of an M × N noisy image. The noise detection process
results in dividing the histogram into different zones, according to the maxima of ultrafuzziness �max . So pixels are
classified into two groups: noise-free pixels (i.e. belonging to one of the K modes) and noisy pixels. Let med(n,m) be
the median value of pixels in a local window of size 3×3 in the surrounding of I (n,m) (i.e. a windowing (3, 3) around
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Fig. 6. Fuzzy entropies and comparison of histograms, image ‘Savoyse’. (a) FS, first case and IVFS entropies vs. gray levels. (b) FS, second case
and IVFS entropies vs. gray levels. (c) Filtering results: comparison of histograms (number of pixels vs. gray levels).

the pixel (n,m)). In this paper, this median filtermed(n,m) is applied to all pixels I (n,m) identified as corrupted while
leaving the rest of the pixels identified as noise-free.
This method reduces the distortion generated in the restored image, introducing the necessary spatial (local) infor-

mation to obtain spatially connected regions. So, the image restoration J (n,m) appears as follows:

J (n,m) =
{
I (n,m) if I (n,m) is noise-free,

med(n,m) if I (n,m) is noisy.
(13)

To illustrate the restoration process, we present in Fig. 6(c) the histogram of the original image, the histogram of the
noisy image and the histogram of the restored image. It is clear that the restored image histogram is close to the original
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histogramwith a negligible overestimation. Particularly, themode corresponding to the inner disk of the image is clearly
identified, whereas this mode is flawed in the noisy image. The mode estimation, carried through IVFS, identifies an
efficient process for uncertainty propagation (with two heuristic parameters � and �).

3.4. Algorithm

The image filtering based on interval-valued fuzzy sets and the measure of ultrafuzziness � is made according to the
algorithm described hereafter (see Algorithm 1).

Algorithm 1. Image filtering.

Input: an M × N gray-level image I
begin
�max ← [0, . . . , 0]t

K ← 0
Select the shape of the membership function (see Fig. 1)
Compute the image histogram, normalized to 1
Initialize the position of the membership function
Shift MF along the gray-level range
for g = 0 to G − 1 do

for x = 0 to G − 1 do
Compute �(x; g, �)
Compute �U (x) and �L (x)
Compute 	g(x) = h(x).(�U (x)− �L (x))

end for

Compute �(x) = 1
M.N

G−1∑
g=0

(	g(x))

end for
Find significant peaks (see [42]) to obtain the value K and the K values of �max (modes)
for each significant peak k ∈ {0, . . . , K } do

Find tmin(k) and tmax (k), the gray-level values corresponding to the boundaries of Rk for which � is minimum
Rk = [tmin(k), tmax (k)]

end for
for each pixel I (n,m) of image I do

if gray level x of I (n,m) ∈ Rk with k ∈ {0, . . . , K } then
J (n,m) = I (n,m)

else
J (n,m) = med(n,m)

end if
end for
end

Output: the filtered image J

3.5. Comments

An image is transformed into fuzzy partitions with maximum ultrafuzzy entropy principle. The fuzzy homogeneity
histogram (homogram) is employed, andwe show that the use of IVFS leads to interesting perspectives in noise filtering.
Some experiments were conducted to confirm these first results using natural images.

4. Experimental results

The algorithm was implemented on the well-known software Matlab® on PC (it is important to note that the code
has not been optimized. However, running time is less than 1s, and in the same order of time than the other tested
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filters). The peak signal-to-noise ratio (PSNR) is used to quantitatively evaluate the filtering performance, which is
defined as

PSNR = 10 log10
2552

MSE
, (14)

where mean square error (MSE) is defined as

MSE = 1

M.N

M∑
m=1

N∑
n=1

(O(n,m)− J (n,m))2, (15)

where O(n,m) and J (n,m) denote the original (uncorrupted) image pixels and the filtered image pixels, respectively,
and M.N is the image size.
The evaluation is also carried out on visual level (qualitative evaluation based on visual inspection).

4.1. Interval-valued fuzzy sets entropy approach, comparative study

We applied the unsupervised filtering algorithm that we are proposing and extensive experiments were conducted on
a variety of images to evaluate the performance of the proposed filter. These images are the previous synthetic image
‘Savoyse’ and natural well-known scene images, named ‘House’, ‘Peppers’ and ‘Lena’ and are, respectively, presented
in Figs. 8–11. The intensity value of each test image is from 0 to 255. In each figure, the first image (top left) is the
original image, the second one is the noisy image (with a noise ratio of 0.3), the third one is the image obtained with
the median filter, the fourth one is the result obtained with the FS filtering method proposed by Cheng [11], the fifth
one is the result obtained with HMF filter, and the sixth one (bottom right) is the result obtained with the IVFS filtering
method we propose.
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Original image ’Savoyse’

Filtered image using median filter Filtered image using FS

Filtered image using HMF filter Filtered image using IVFS

Noisy image (impulse noise ratio of 0.3)

Fig. 8. Original and filtered images ‘Savoyse’. (a) Original image ‘Savoyse’. (b) Noisy image (impulse noise ratio of 0.3). (c) Filtered image using
median filter. (d) Filtered image using FS. (e) Filtered image using HMF filter. (f) Filtered image using IVFS.
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Original image ’House’ Noisy image (impulse noiser atio of 0.3)

Filtered image using median filter Filtered image using FS

Filtered image HMF filter Filtered image using IVFS

Fig. 9. Original and filtered images ‘House’. (a) Original image ‘House’. (b) Noisy image (impulse noise ratio of 0.3). (c) Filtered image using
median filter. (d) Filtered image using FS. (e) Filtered image HMF filter. (f) Filtered image using IVFS.
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Original image ’Peppers’ Noisy image (impulse noise ratio of 0.3)

Filtered image Peppers using median filter Filtered image using FS

Filtered image using HMF filter Filtered image using IVFS

Fig. 10. Original and filtered images ‘Peppers’. (a) Original image ‘Peppers’. (b) Noisy image (impulse noise ratio of 0.3). (c) Filtered image Peppers
using median filter. (d) Filtered image using FS. (e) Filtered image using HMF filter. (f) Filtered image using IVFS.
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Original image ’Lena’ Noisy image (impulse noise ratio of 0.3)

Filtered image Lena using median filter Filtered image Lena using FS

Filtered image using HMF filter Filtered image Lena using IVFS

Fig. 11. Original and filtered images ‘Lena’. (a) Original image ‘Lena’. (b) Noisy image (impulse noise ratio of 0.3). (c) Filtered image Lena using
median filter. (d) Filtered image Lena using FS. (e) Filtered image using HMF filter. (f) Filtered image Lena using IVFS.
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Table 1
Comparative filtering results in PSNR (dB) for an impulse noise ratio of 0.3.

Image Size (in pixels) Filters

Median HMF FS IVFS

Savoyse 320× 200 23.57 22.52 33.16 42.92
House 256× 256 22.46 22.94 26.15 32.45
Peppers 512× 512 23.66 22.64 24.40 30.34
Lena 512× 512 22.16 22.33 22.96 44.16

Mean 25.36 22.60 26.66 37.46

Bold values mean that they are the best values for PSNR.

Table 2
Comparative filtering results in PSNR (dB) for an impulse noise ratio of 0.5.

Image Size (in pixels) Filters

Median HMF FS IVFS

Savoyse 320× 200 14.80 14.62 26.35 30.20
House 256× 256 14.68 14.72 26.09 34.38
Peppers 512× 512 14.98 14.56 25.88 31.42
Lena 512× 512 14.03 13.88 25.26 30.19

Mean 14.62 14.45 25.89 31.54

Bold values mean that they are the best values for PSNR.

4.2. Discussion

First we can easily notice that, after the filtering process, multi-thresholding using IVFS entropy is very effective. The
amount of uncertainty associated to an IVFS is characterized by its lower and upper membership functions, and these
results confirm the assertionwemade in Section 2.2. Thuswe are intuitively able to explain these results (comparedwith
an FS for example). On the synthetic image (‘Savoyse’), the two regions corresponding to the disk and the surrounding
ring are correctly extracted. This result shows that the method is able to handle unequiprobable and overlapping classes
of pixels. The filtering of the other (natural) images is challenging because of the presence of shadows and highlight
effects.
The characteristics of the images, and the PSNR values are listed in Table 1 for a noise ratio of 0.3, and in

Table 2 for a noise ratio of 0.5. The tables reveal that the IVFS filter has a higher PSNR value than other filters
(classical filters like linear, median and hybrid median HMF [1,43] filters and fuzzy filters), especially in high noise
ratio 0.5. We have considered a 3× 3 median filter. Median filters with larger window sizes (as a 5× 5 median filter or
a 7× 7 median filter for example) should be better for noise removal, but the increase of the window size may involve
some known defects in terms of image quality. In practice, the choice of the window size has to be determined by the
user (the window size is then like a tuning parameter).
It is well known that PSNR is image dependent, thus the mean value of the PSNR for the four tested images was

computed and presented in Tables 1 and 2. Fig. 7 shows the results obtained for the image ‘Lena’ corrupted with
different values of noise ratio. Better visual results are obtained by our proposed method when compared to the FS
and the median filter. The displayed values for the median filter and the FS filter follow the behaviors described in the
literature. It is easy to note that smoothing effects appear when using the median filter (sharp corners and thin lines are
lost) as it can be seen in Fig. 8(c). The results obtained with FS filter show that there is a loss of information (the inside
disk of the original image presented in Fig. 8(a)) as it can be seen in Fig. 8(d) and this confirms the results presented
by Cheng [11]. So, let us summarize some important results:

• the image can be transformed into fuzzy domains using interval-valued fuzzy membership functions;
• these fuzzy domains consider both the occurrence of the gray levels and the neighboring homogeneity among pixels
(taking into account the spatial information);
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Fig. 12. Filtered image ‘Lena’ and fuzzy entropies with impulse noise ratio of 0.3. (a) Filtered image using IVFS. (b) Filtered image using FS. (c)
FS and IVFS entropies vs. gray levels.

• the entropy analysis function performs image filtering (regions and contours);
• the filtering process is unsupervised (we do not need to know the number of pixel clusters), and apparently the results
we obtained seem robust to noise and to membership function shapes (we obtain similar results with different kinds
of membership functions, such as triangles and trapezoids).

4.3. Interval-valued fuzzy sets entropy vs. ordinary fuzzy sets entropy

Finally, let us consider the well-known image ‘Lena’ that offers some challenging difficulties for segmentation.
Nevertheless, our method yields good results (the IVFS filter’s output has clearly fewer spots and other artifacts). The
girl’s hat and her face remain clearly separated from the background (see Fig. 12).
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Table 3
Comparative filtering results in PSNR (dB) for a Gaussian noise (� = 10).

Image Size (in pixels) Filters

Average Wiener FS IVFS

Savoyse 320× 200 10.01 20.87 17.23 18.10
House 256× 256 4.93 21.25 17.83 22.38
Peppers 512× 512 5.99 21.34 19.19 23.67
Lena 512× 512 5.70 21.64 19.63 23.06

Mean 6.65 21.27 19.03 21.80

Bold values mean that they are the best values for PSNR.

4.4. Suppression of other kinds of noise

Although IVFS filter was originally designed to remove impulse noise, it also effectively reduces Gaussian noise
(at least for noise level with � around 10). Comparisons have been carried out between IVFS filter and other filters
(classical filters like average, Gaussian and Wiener filters, and the Cheng’s FS filter) in terms of capability of noise
removal. The test images have been corrupted with an additive Gaussian noise (� = 0, � = 10). Table 3 shows that
the proposed filter performed well, providing an improvement, according to the PSNR, compared to the other methods
(except for image ‘Savoyse’). Fig. 13 shows the comparison of image filtering results for the image ‘Lena’. IVFS
provides a more satisfactory image from a perceptual point of view, and confirms the significant improvement that our
proposed method successfully achieves. This is quite good, but for higher levels of Gaussian noise the proposed filter
(like most of the compared filters) does not produce really good images from a perceptual viewpoint. This is due to the
fact that histogram information is flawed, and the method we propose is no longer valid. Nevertheless, we shall focus
on Gaussian filtering (using IVFS) in our future works.

4.5. Comments

We have shown that this IVFS method outperforms other filters in terms of both noise suppression (it seems that the
behavior of this filter does not depend on the kind of noise) and detail preservation. Computational complexity is low
and computation time is small (typically 1 s) without code optimization.

5. Conclusion

The core idea of this paper was to introduce the application of interval-valued fuzzy sets, to take into account the
total amount of uncertainty present, for image filtering; this idea seems to be very promising. We have revisited a
very classical method, that is histogram thresholding. The proposed method effectively combines image histogram
information with the spatial information about pixels of different gray levels by using an IVFS multi-thresholding
technique. Like other techniques based on image thresholding, this technique is simple and computationally efficient.
Particularly, it assumes no a priori knowledge of a specific input image, no numerous tunable parameters, yet it has
superior performance compared to other existing fuzzy and non-fuzzy filters for the full range of impulse noise ratio.
The proposed filter preserves image details while effectively suppressing noise. The new filter can deal with impulse
and Gaussian noise. Uncertainty is correctly treated, but there remains some open questions to effectively establish a
link between the characteristics of noise affecting the image (noise ratio) and the choice of IVFS. We have processed
IVFS, but type 2 fuzzy sets could be more effective, as proposed in the papers [44,45]. In particular, other measures
of entropy and the effect of parameters influencing the width (length) of intervals of IVFS are under investigation (to
establish a link between the length of interval and level and kind of noise), and will be presented in the future. It would
also be interesting to consider spatial (local) information (as used by Bustince [35] to detect false edges) and the �-cuts
of IVFS for restoration (or texture analysis) of digital images. We think that many interesting image applications may
be refined using IVFS.
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Original image ’Lena’ Noisy image (Gaussian noise with � = 10)

Filtered image using Wiener filter Filtered image using FS

Filtered image using a 3×3 average filter Filtered image using IVFS

Fig. 13. Original and filtered images ‘Lena’. (a) Original image ‘Lena’. (b) Noisy image (Gaussian noise with � = 10). (c) Filtered image using
Wiener filter. (d) Filtered image using FS. (e) Filtered image using a 3× 3 average filter. (f) Filtered image using IVFS.
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